The Galactic centre supermassive black hole (SMBH), in sharp contrast with its complex environment, is characterized by only three classical parameters -mass, spin, and electric charge. Its charge is poorly constrained. It is, however, usually assumed to be zero because of neutralization due to the presence of plasma. We revisit the question of the SMBH charge and put realistic limits on its value, timescales of charging and discharging, and observable consequences of the potential, small charge associated with the Galactic centre black hole. The electric charge due to classical arguments based on the mass difference between protons and electrons is 10 9 C and is of a transient nature on the viscous time-scale. However, the rotation of a black hole in magnetic field generates electric field due to the twisting of magnetic field lines. This electric field can be associated with induced charge, for which we estimate an upper limit of 10 15 C. Moreover, this charge is most likely positive due to an expected alignment between the magnetic field and the black-hole spin. Even a small charge of this order significantly shifts the position of the innermost stable circular orbit (ISCO) of charged particles. In addition, we propose a novel observational test based on the presence of the bremsstrahlung surface brightness decrease, which is more sensitive for smaller unshielded electric charges than the black-hole shadow size. Based on this test, the current upper observational limit on the charge of Sgr A* is 3 × 10 8 C.
INTRODUCTION
The observations of the Galactic centre across the electromagnetic spectrum, ranging from radio to gamma wavelengths, revealed the complex structure of the Nuclear Star Cluster (NSC) as well as that of the gaseous-dusty medium of the central parsec (Eckart et al. 2005; Melia 2007; Genzel et al. 2010; Eckart et al. 2017) . The presence of the concentrated, dark mass at the dynamical centre of the NSC was revealed by the near-infrared observations of stars using adaptive optics. The first proof for the compact dark single object in the Galactic centre came with the detection and the analysis of the first proper motion of stars orbiting Sgr A* inside 1 ∼ 0.04 pc, so-called S stars (Eckart & Genzel 1996 , 1997 Ghez et al. 1998; Zajaček & Tursunov 2018) . Based on these and follow-up observations (Boehle et al. 2016; Parsa et al. 2017; Gillessen et al. 2009 Gillessen et al. , 2017 Gravity Collaboration et al. 2018) , the large mass of the dark object has been confirmed and a more precise value has been E-mail: zajacek@ph1.uni-koeln.de determined -∼ (4.15 ± 0.13 ± 0.57) × 10 6 M (Parsa et al. 2017 ). If we associate this dark mass with a non-rotating black hole for simplicity, this yields a Schwarzschild radius of R Schw = 1.2 × 10 12 cm(M•/4 × 10 6 M ) and the expected mean density is, 
In case of stellar orbits, the tightest constraint for the density of the dark mass comes from the monitoring of Btype star S2 with the pericentre distance of rP 5.8 × 10 −4 pc (Parsa et al. 2017; Schödel et al. 2002; Gillessen et al. 2009 Gillessen et al. , 2017 Gravity Collaboration et al. 2018) ρS2 = 5.2×10 
The most stringent density constraint was given by 3σ VLBI source size of ∼ 37µas (Doeleman et al. 2008; Lu et al. 2018) . When combined with the lower limit on the mass MSgrA * 4 × 10 5 M based on the proper motion measurements (Reid & Brunthaler 2004 ), VLBI yields the lower limit of ρSgrA * ≥ 9.3 × 10 22 M pc −3 . This is about two orders of magnitude less than the density expected for a black hole of ∼ 4 × 10 6 M , see Eq.
(1). The most plausible stable configuration that can explain such a large concentration of mass emerges within the framework of general relativity: a singularity surrounded by an event horizon -a black hole, ruling out most of the alternatives .
According to the uniqueness or the general relativistic "no-hair" theorem (Heusler 1996) , any stationary black hole is fully characterized by only three classical and externally observable quantities: mass M•, angular momentum J• (often the quantity a• = J•/M•c is used which has a dimension of length), and the electric charge Q• 1 . Thanks to the highprecision observations of stars in the Nuclear Star Cluster, including the innermost S cluster, the current value for the SMBH mass is M• = (4.3 ± 0.3) × 10 6 M , which is based on different methods, primarily the orbits of S stars (Parsa et al. 2017) , the Jeans modelling of the properties of the NSC (Do et al. 2013) , and the general relativistic fits to the double-peaked X-ray flares that show signs of gravitational lensing (Karssen et al. 2017) . The constraints for the spin J• were inferred indirectly based on the variable total and polarized NIR emission . The spin can be determined based on the modelling of spin-dependent quantities, mainly the light curves of a hot spot or a jet base. In this way, Meyer et al. (2006) obtained constraints for the spin, which are rather weak and the spin parameter is a• 0.4, as well as the inclination, which is inferred based on the stable polarization angle of the flares and tends to be rather large i 35
• . The value of the spin parameter determined based on quasi-periodic oscillations for Sgr A* reaches a unique value of ≈ 0.44 (Kato et al. 2010) , which is consistent with the value inferred from the fitting of the NIR flares.
In general, the charge of the black hole Q• is often set equal to zero due to the presence of plasma around astrophysical black holes. However, a black hole can acquire primordial charge because it was formed by a collapse of a charged (compact) star (Ray et al. 2003) . It is not clear on which timescales such a charged black hole discharges or alternatively, can increase its charge. Also, from an astrophysical point of view, it is of a general interest if a charged black hole can be observationally distinguished from a noncharged case, clearly depending on the value of the charge.
In addition, electric charge can be loaded or induced by black hole due to its rotation in external magnetic field within the mechanism similar to the Faraday unipolar generator. Such a mechanism is more relevant for supermassive black holes in the local Universe, since the primordial charge information is expected to be lost. The induction mechanism works in such a way that the rotation of a black hole generates electric potential between horizon and infinity which leads to the process of selective accretion of charged particles of plasma surrounding the black hole. In particular, a rotating black hole embedded in a uniform, aligned magnetic field will acquire an electric charge until an equilibrium value is reached Q•,W = 2B0J•, a so-called Wald charge (Wald 1974) , where B0 is an asymptotic magnetic field strength. There is an evidence that significant and highly aligned magnetic field must be present in the Galactic center with equipartition strength of 10 G in the vicinity of the event horizon of the SMBH (Eckart et al. 2012; Eatough et al. 2013; Morris 2015) .
The twisting of magnetic field lines threading the horizon of rotating black hole produces an electric field which accelerates the charged particles along the magnetic field lines. Moreover, magnetic field plays the role of a catalyzing element that allows the extraction of rotational energy from rotating black hole through interaction of charged particles with an induced electric field in such processes as the Blandford-Znajek mechanism (Blandford & Znajek 1977) and the magnetic Penrose process (Wagh et al. 1985) . Both of these processes that allow the energy extraction from rotating black holes require the presence of an induced electric field (Dadhich et al. 2018) .
Even a small charge associated with the black hole can have considerable effects on the electromagnetic processes in its vicinity, such as the bremsstrahlung emission and the motion of charged particles as we will show. The value of this small electric charge for black holes embedded in plasma will be necessarily temporary and fluctuating, mainly due to the attraction of oppositely charged particles and/or the variability of the magnetic field in which the black hole is immersed. Even for an extreme case of a charged black hole in vacuum, a spontaneous loss of charge would occur due to pair production with an exponential time-dependency (Gibbons 1975) .
In this paper, we revisit the question of a charge, mainly of an electric origin, associated with the Galactic centre SMBH. Previously, several theoretical studies have focused on the spacetime structure of charged black holes (Karas & Vokrouhlický 1991a,b; Pugliese et al. 2011; Kovář et al. 2011 ). Here we are aiming at the connection between the current theoretical knowledge with a real astrophysical case -Sgr A* supermassive black hole, for which we gathered most constraints on its nearby plasma environment ) -in order to put realistic constraints on electric charge of our nearest supermassive black hole.
The study is structured as follows. In Section 2 we analyse the potential for charging given the plasma properties in the surroundings of Sgr A*. Subsequently, we put constraints on the charge of the Galactic centre black hole in Section 3, including different processes that can induce charge and change its value, namely accretion of charged matter and the induction mechanism based on the black hole rotation in the magnetic field. In Section 4, we focus on possible observational consequences of the charged SMBH, specifically the effect of charge on the black hole shadow size, the bremsstrahlung brightness profile, and the position of the innermost stable orbits of charged particles. We summarize the charge constraints in Section 5, where we discuss additional effects of the black-hole rotation and a potential non-electric origin of the charge. Finally, we conclude with Section 6. Illustration of the basic set-up at the Galactic centre: a supermassive black hole characterized by mass M•, spin a•, and an electric charge Q• surrounded by a Nuclear star cluster and hot plasma emitting thermal bremsstrahlung. The dark area at the centre illustrates the shadow the black hole casts, which can be non-spherical due to the black hole rotation and the viewing angle. The inner circle denotes the stagnation radius, which is approximately equal to the Bondi radius, inside which the gas inflow towards the black hole takes place. The outer circle represents the sphere of gravitational influence of the supermassive black hole, inside which its potential prevails over the stellar cluster potential.
PROSPECTS FOR CHARGING
Based on the analysis of surface brightness profiles in soft X-ray bands, there is an evidence for hot extended plasma, which surrounds the compact radio source Sgr A* (Shcherbakov & Baganoff 2010; Wang et al. 2013; Różańska et al. 2015) . In addition, observations of polarized emission show that a relatively strong magnetic field is present in the Central Molecular Zone, which exhibits a highly ordered configuration (Morris 2015) . The large-scale ordered magnetic field as well as the ionized, extended gas surrounding Sgr A* in the central region can be used to put constraints on the charge of the SMBH at the Galactic Centre, which has not been done properly before for any black hole candidate. The decreasing surface brightness profile is satisfactorily fitted by thermal bremsstrahlung (see Różańska et al. 2015 , for an analysis). The plasma is dynamically modelled in the framework of hot accretion flows, obtaining the temperature of kBTe = 1, 2, and 3.5 keV (Te = (11.6 − 40.6) × 10 6 K) at the outer radius of the flow, using either the radiatively inefficient accretion flow (RIAF) model (Wang et al. 2013) , outflows of stars (Shcherbakov & Baganoff 2010) , or the classical Bondi accetion flow (Różańska et al. 2015) , respectively. Although several models are consistent with the observed surface brightness of plasma, both the RIAF and the Bondi accretion, which occur within the Nuclear Star Cluster, are expected to have a stagnation radius Rstag which divides the matter flowing in towards the SMBH and the outflowing gas (Yalinewich et al. 2018 ). In Fig. 1 , we illustrate the basic setup, including the inflow, outflow region, and the stagnation radius.
Magnetic field properties
There is an observational evidence for the highly ordered structure of the magnetic field in the central regions of the Galaxy (Morris 2015) . Two configurations were inferred from the observations of the polarized emission: a toroidal magnetic field associated with denser molecular clouds that is parallel with the Galactic plane and a poloidal field in the diluted intercloud region approximately perpendicular to the Galactic plane, which is also manifested by non-thermal radio filaments. The poloidal field in the intercloud region has magnitudes of ∼ 10 µG (close to the equipartition value with cosmic rays), and it reaches ∼ 1 mG in thin non-thermal filaments. The magnetic field in dense clouds has a toroidal geometry and it reaches the value of ∼ 1 mG (Ferrière 2009 ).
Closer to Sgr A*, Eatough et al. (2013) inferred the lower limit of magnetic field strength along the line of sight, B 8 mG, based on the Faraday rotation of the polarized emission of magnetar PSR J1745-2900, which is located at the deprojected distance of r 0.12 pc. In addition, they confirmed an ordered configuration of the magnetic field threading the hot plasma. Inside the stagnation radius, hot and magnetized plasma descends towards Sgr A* and in this direction, an increase in the plasma density as well as in the magnetic field intensity is necessary. To explain the synchrotron emission of flares on the event-horizon scales, a magnetic field of the order of ∼ 10-100 G is required (Falcke & Markoff 2000; Mościbrodzka et al. 2009; Dexter et al. 2010; Eckart et al. 2012) . A simple scaling B ∝ r −1 is generally consistent with the increase from the Bondi-radius scales up to the event horizon.
Plasma properties
The inflow of plasma effectively takes place inside the Bondi radius, which gives the range of influence of the SMBH on the hot plasma,
where we assumed a fully ionized hydrogen plasma with the mean molecular weight of µHII = 0.5 (Lang 1978) . This assumption is supported by the observation of hot, ionized gas in the central arcsecond (Różańska et al. 2015) . In addition, at the inferred temperature of several keV and the number density of the order of 10 cm −3 at the Bondi radius (Baganoff et al. 2003) , the ionization fraction of hydrogen atoms is basically unity according to the Saha equation, (1 − χ)/χ 2 4.14 × 10 −16 ntotT −3/2 g exp (1.58 × 10 3 K/Tg), where χ ≡ ni/ntot is the ionization fraction of the gas with the total gas number density of ntot and temperature of Tg. However, during the past high-luminosity states of Sgr A* thermal instability could have operated in the inner parsec, creating the multi-phase environment where hot and cold phases could coexist (Różańska et al. 2014 ). In addition, observations at millimeter wavelengths show the presence of both ionized and neutral/molecular medium in this region (the denser and colder region is referred to as the minispiral, Moser et al. 2017) . In the following, we will focus on the hot ionized phase, which is expected to dominate inside the Bondi radius.
Plasma in the Galactic centre region is so hot inside the Bondi radius that it may be considered weakly coupled. This is easily shown by the coupling ratio Rc of the mean potential energy of particles and their kinetic energy,
where Li is the mean interparticle distance, Li = n −1/3 p , where np is the particle density. For the typical (electron) particle density at the Bondi radius np ≈ ne ≈ 10 cm −3 and the electron temperature of kBTe ∼ 1 keV (Baganoff et al. 2003; Wang et al. 2013) as inferred from Chandra observations, we get Rc ≈ 3 × 10 −10 , i.e. the Galactic centre plasma is very weakly-coupled.
The Bondi radius of the accretion flow in the Galactic centre is thus well inside the sphere of influence of the SMBH, which represents the length-scale on which the potential of the SMBH prevails over the stellar cluster potential. For the Galactic centre SMBH and the averaged onedimensional stellar velocity dispersion of σ ≈ 100 km s −1 , we get (see e.g. Merritt 2013; Generozov et al. 2015) ,
When considering a one-dimensional steady-state inflow-outflow structure of the gas in the vicinity of a galactic nucleus, a characteristic feature is the existence of the stagnation radius Rstag, where the radial velocity passes through zero (Generozov et al. 2015) . Stellar winds inside the stagnation radius flow towards the black hole and a fraction of the matter is accreted, while the matter outside it forms an outflow, which is illustrated in Fig. 1 . For the case when the heating rate due to fast outflows vw is larger than the stellar velocity dispersion σ , vw σ , the stagnation radius can be approximately expressed as (Generozov et al. 2015) ,
where Γ is the inner power-law slope of the stellar brightness profile, where we consider two limiting cases, the core profile with Γ = 0.1 and the cusp profile with Γ = 0.8. The quantity ν = −dρ/dr|R stag is the gas density power-law slope at RStag, which according to the numerical analysis of Generozov et al. (2015) is ν ≈ 1/6[(4Γ + 3)]. According to the estimates in Eq. (6), the stagnation radius is expected to be nearly coincident with the Bondi radius with an offset given by the factor (Generozov et al. 2015 )
which is of the order of unity.
In the further analysis and estimates, we consider the dynamical model of Różańska et al. (2015) , who fitted the thermal bremsstrahlung emission of the hot plasma with the classical Bondi solution. They found that the Bondi solution can reproduce well the surface brightness profile up to the outer radius of rout ∼ 3 ≈ RB (where 1 ≈ 0.04 pc), which is consistent with the Bondi radius expressed in Eq. (3).
Considering the surface brightness profile of the hot flow inferred from 134 ks Chandra ACIS-I observations, the best fitted model of the spherical Bondi flow gives the asymptotic values of the electron density of n out e = 18.3 ± 0.1 cm −3 , the electron temperature of T out e = 3.5 ± 0.3 keV, and the sound speed of c out s = 7.4 × 10 7 cm s −1 . The steady spherical Bondi solution gives power-law profiles for the electron density and the electron temperature inside the Bondi radius, ne ≈ ne,0 r r0
where ne,0 = 70 cm −3 and Te,0 = 9 keV at r0 = 0.4 (Różańska et al. 2015) . The temperature has a virial profile for the adiabatic index of γ ad = 5/3.
The importance of collisional processes between plasma constituents -mainly protons and electrons -can be evaluated by comparing the collisional timescales of electronelectron and electron-proton interactions with the typical dynamical timescale (free-fall timescale) and the viscous timescale. The electron-electron collisional frequency approximately is νee 3.75neT
log Λee Hz, where log Λee is the Coulomb logarithm, while the frequency of electrons colliding with protons may be estimated as νep 5.26niT −3/2 e log Λei Hz. Assuming that the electron and proton number densities are approximately the same, ni ≈ ne, the corresponding collisional timescales of electrons with themselves and protons are approximately constant with radius, given the Bondi profiles in Eqs. (8). The electronelectron collisional timescale is τee ≈ (νee) −1 ≈ 13 yr for log Λee = 10. In a similar way, the electron-proton collisional timescale is τep ≈ 9 yr. The free-fall (dynamical) timescale evaluated for the initial infall distance of r0 = 1000rS is,
The viscous timescale tvis may be in general expressed as (Lasota 2016) ,
where the ratio of the thickness of the accretion flow to the radial length-scale is expected to be of the order of unity since the accretion flow around Sgr A* is generally considered to be optically thin and geometrically thick as for hot accretion flows in general (Yuan & Narayan 2014) . When the viscosity parameter α is of the order of 0.1 (King et al. 2007; Lasota 2016) , the viscous timescale is tvis ≈ 10t dyn . When compared to the free-fall and viscous timescales, see Fig. 2 , the electron-electron and electron-proton interactions take place on longer timescales than the dynamical and accretion processes inside the inner 1000 Schwarzschild radii. This implies that particle collisions are irrelevant for the dynamical processes in the immediate vicinity of Sgr A*.
On the other hand, the ordered plasma oscillations with the characteristic plasma frequency νp are relevant on all spatial scales. The presence of plasma close to the SMBH at the Galactic centre means that the immediate vicinity of Sgr A* cannot be observed at frequencies smaller than the plasma frequency, ν < νp, because of charge oscillations in the plasma. The Bondi-flow model of Różańska et al. (2015) predicts the number densities of electrons at the scale of r = 10 rS to be ne ≈ 10 7 cm −3 and that yields the plasma frequency of,
which would effectively block electromagnetic radiation with wavelengths longer than λp 11 m from the innermost region. By coincidence, the plasma frequency close to the Galactic centre expressed by Eq. (11), which depends on the electron density, is close to the cyclotron frequency for electrons gyrating in the magnetic field with the intensity of B ∼ 10 G,
where γL is a Lorentz factor. The approximate profile of the cyclotron timescale can be evaluated using the assumption that the magnetic field pressure is a fraction of the gas pressure, Pgas = nekBTe. Then the magnetic field is B = 8πPgas/β, where we take β = 100 to reproduce the magnetic field strengths as determined based on the magnetar observations at larger distances and the flare observations on the ISCO scales (Eckart et al. 2012; Eatough et al. 2013) . The Lorentz factor is taken in the range γL = 10 3 − 10 5 as inferred from the flare observations in the X-ray and infrared domains (Eckart et al. 2012 ). Based on Fig. 2 , both the plasma timescale and the cyclotron timescales for electrons are shorter than the dynamical, viscous, and collisional timescales in the whole considered region. Although particle collisions can be neglected for dynamical processes in the vicinity of Sgr A*, this does not apply to radiative processes in the same region, namely for the detected thermal X-ray bremsstrahlung (Baganoff et al. 2003; Mossoux & Eckart 2018) . By definition, the bremsstrahlung requires the Coulomb interaction of particles, with the dominant contribution of unlike particles, electrons and protons. This is not in contradiction with the low estimated rate of collisions in the central region, since the interactions over the whole region contribute to the observed surface brightness.
The average electron and proton (ion) density can be estimated from the emissivity of thermal bremsstrahlung and the quiescent X-ray luminosity of Sgr A*. In principle, the thermal bremsstrahlung can experience losses due to Thomson scattering. The optical depth along the line of sight may be estimated as τT = R B 0 σTne(l)dl, where l is the line-ofsight coordinate. Given the cross-section of Thomson scattering, σT = 6.65 × 10 −25 cm 2 , the electron density profile given by Eq. (8), and the typical length-scale given by the Bondi radius, RB, the optical depth is given by
and hence the losses due to Thomson scattering are negligible. Given the average quiescent X-ray luminosity of Figure 2 . Radial profiles of electron-electron and electron-proton collisional timescales estimated based on density and temperature radial profiles expressed by Eqs. 8. Inside the innermost 1000 Schwarzschild radii, the electron-electron and electron-proton collisions occur on longer timescales than the dynamical and accretion processes governed by Sgr A*. On the other hand, the density and velocity plasma oscillations take place on significantly shorter scales throughout the GC region. The same applies to the range of cyclotron timescales.
Sgr A* in the range of 2-10 keV, L2−10 = 2 × 10 33 erg s −1 (Haggard 2017) , one can estimate the electron density from the thermal bremsstrahlung luminosity,
where ni is the ion number density, Z is the proton number of participating ions, Tg is the temperature of the gas, V (RB) ≈ 4/3πR 3 B is the volume inside the Bondi radius, g ff (ν, Tg) is a Gaunt factor used for the quantum corrections to classical formulas, which we set to g ff = 1.5 in the given temperature range of (10 7 , 10 8 ) K and the frequency range of (2, 10) keV = (ν1, ν2) = (0.5, 2.4) × 10
18 Hz. The integral in Eq. (14) can be approximated as
10 Tg. For fully ionized hydrogen and helium plasma, the term Z 2 nine becomes 1.55n 
Given the measured X-ray luminosity of L2−10 ≈ 2 × 10 33 erg s −1 , the mean electron density using Eq. (15) is ne ≈ 23 cm −3 , which is very close to the asymptotic value of n out e = 18.3 ± 0.1 cm −3 derived by Różańska et al. (2015) from the Bondi solution.
Classical estimates of charging
The fundamental mechanism, which can lead to charging of the black hole, are different thermal speeds for electrons and protons in the fully ionized plasma, v th,e = (kBTe/me) 1/2 and v th,p = (kBTp/mp) 1/2 , following from the fact that the Galactic centre plasma is collisionless. Given a considerable mass difference between electrons and protons, mp = 1837me, it is expected that the ratio of thermal speeds is,
under the assumption that Te ≈ Tp. This leads to the ratio of the corresponding Bondi radii for protons and electrons,
Next, we can estimate the total charge by integrating across the corresponding Bondi radius. In the spherical symmetry, the total charge inside the Bondi radius can be calculated as |Q| =
2 dr, where ρQ is the charge density. Under the assumption of a power-law density profile for both electrons and protons, ne,p = n0(r/r0) −γn (γn = 3/2 for the spherical Bondi flow), the ratio of positive and negative charge in the range of influence of the SMBH can be calculated as follows, where the last estimate is valid for Te ≈ Tp, which, however, does not have to be quite valid in the hot accretion flows that surround quiescent black holes, such as Sgr A* or M87, where a two-temperature flow is expected to exist (Yuan & Narayan 2014) . At large distances from the black hole, close to the stagnation radius, the electron and proton temperatures are expected to be almost the same. Closer to the black hole, in the free-fall regime of the Bondi flow, the electron and the proton (ion) temperatures differ, the proton temperature is larger than the electron temperature by about a factor of 1 − 5, Te/Tp ≥ 1/5 (Mościbrodzka et al. 2009; Dexter et al. 2010 ), which gives the lower limit to the excess of the positive charge in the range of influence of the SMBH,
7000. A similar analysis as above was discussed and performed for stationary plasma atmospheres of stars (see Neslušan 2001 , and references therein) and in general, for gravitationally bound systems of plasma (Bally & Harrison 1978) . In the hot atmosphere, where the plasma may be considered collisionless, lighter electrons tend to separate from heavier protons. The separation is stopped by an induced electrostatic field ψ = (1/4π 0)Qeq/r. In the gravitational field of an approximately spherical mass of M•, φ = GM•/r, the potential energy of protons can be expressed as Ep = −mpφ + eψ, and for electrons with negative charge in a similar way, Ee = −meφ − eψ. Given the assumption of the stationary equilibrium plasma densities, the number densities of protons and electrons are proportional to exp (−Ep/kBTp) and exp (−Ee/kBTp), respectively. Given the quasineutrality of plasma around stars and Sgr A*, the difference between the densities of protons and electrons is expected to be small, which implies Ep ≈ Ee. The induced equilibrium charge of the central body surrounded by plasma then is,
Eq. (19) was derived under the assumption of spherical stationary plasma around a point mass, which is certainly not met in the environment of dynamical plasma around Sgr A*. The real charge of Sgr A* will therefore deviate from the stationary value of Qeq. The mechanism of charging will, however, still tend to operate and a rough approximation of charge expressed by Eq. (19) is still more precise than the assumption of a neutral black hole. The equilibrium value Qeq also expresses the upper limit of an electric charge associated with Sgr A*, for which the stationary number densities of protons and electrons in plasma remain approximately constant. For charges Q Qeq, a significant difference in the number densities is expected that would decrease with the distance, unless the charge of the black hole would be Debye-shielded, as we will discuss later in this paper.
Given the simple calculations above, it is expected that the black hole at the Galactic centre can acquire a small positive charge, given the fact that more positive charge is in the range of its gravitational influence than negative charge. In the following, we will look at more realistic scenarios of how the black hole charge could be induced in the accretion flow, given the fact that black holes are expected to have a non-zero spin and should be immersed in a magnetic field.
LIMITS ON THE BLACK HOLE CHARGE

Maximum theoretical values of the charge of
Sgr A*
The uppermost limit on the charge of Sgr A* may be derived using the the space-time of the black hole that is characterized by its mass M•, electric charge Q•, and rotation parameter a•. In the most general case, the Kerr-Newman (KN) solution (Newman et al. 1965 ) fully describes such a black hole in vacuum. The KN metric can be expressed in Boyer-Lindquist coordinates in the following way (Misner et al. 1973) ,
where
• cos 2 θ and ∆ = r 2 − rSr + a leads to a single event horizon located at r = 1/2rS, which represents an extremal black hole, and it also gives an upper limit for an electric charge of the SMBH at the Galactic centre,
which can be rewritten using a dimensionless parameter a• =ã•GM•/c 2 into the form,
Relation (21) represents a theoretical limit for the maximum charge of a rotating black hole. Above this limit, the massive object at the Galactic centre would be not a black hole anymore, but a naked singularity, which can be ruled out based on observational and causal arguments . In addition, a direct transition between a nonextremal black hole and an extremal one due to the accretion of charged matter (test particles or shells) is not possible as was shown in Wang et al. (1998, 
see also references therein).
For a non-rotating black hole (a• = 0), the maximum charge is proportional to the black hole mass. Evaluating for Sgr A* gives,
In Fig. 3 , we plot the effect of the rotation of the black hole on its maximum electric charge. Close to the maximum rotation, the maximum charge is close to zero.
In the following, we discuss limits on the electric charge of the Galactic centre black hole based on induced electric field of a rotating black hole immersed in the circumnuclear magnetic field.
Charge induced by rotating SMBH
There are indications that a considerable magnetic field must be present in the vicinity of SMBH at the Galactic centre (Eckart et al. 2012; Eatough et al. 2013; Różańska et al. 2015) , which suggests the value of 10 G in the vicinity of the even horizon. The exact solution for the electromagnetic fields in the vicinity of Sgr A* is far from being properly defined, however it is natural to assume that the magnetic field shares the symmetries of the background spacetime metric, such as the axial symmetry and stationarity. The central SMBH is assumed to be a standard Kerr black hole whose gravitational potential dominates the system. Moreover, the small density of the plasma around Sgr A* implies that the magnetospere of SMBH can be described within the test field approximation. This assumption implies that the four-vector potential can be written in the form A α = k1ξ
, where k1 and k2 are the arbitrary parameters and ξ α (t) and ξ α (φ) are a unit timelike and spacelike Killing vectors, respectively, which are related to the symmetries of the black hole spacetime. For estimation purposes, one can assume that the magnetic field is homogeneous and aligned along the axis of rotation of black hole with the strength B. Then, the solution of Maxwell equations for corresponding four-vector potential in rotating black hole spacetime can be written in the following form (Wald 1974 
The rotation of a black hole gives the contribution to the Faraday induction which generates the electric potential At and thus produces an induced electric field, just in the same manner as if the field would be induced in magnetic field by a rotating ring. This is how the black hole obtains nonzero induced charge. The potential difference between the horizon of a black hole and infinity takes the form
The potential difference leads to the process of selective accretion, which implies that a rotating black hole in external homogeneous magnetic field can obtain maximum net electric charge Q = 2aM B.
The statement of selective accretion by rotating black hole in the presence of magnetic field is quite general and independent of the exact shape of the field and the type of accreting charged matter, which can, however, put restrictions on the timescales of selective accretion due to charge separation in a plasma. In general, the energy of charged particle in stationary field and spacetime is E = −Pµξ µ (t) , where Pµ = muµ − qAµ is generalized four-momentum. The difference of electrostatic energy of a particle at infinity and at the horizon is EH −E∞ = qA t|r→r H −qA t|r→∞ = δ. When δ > 0, the black hole accretes the particles with q charges, while when δ < 0, it is energetically more favourable to accrete the particles with −q charge. In both cases the black hole will accrete a net charge until the difference δ is reduced to zero. The sign of induced charge depends on the relative orientation of magnetic field lines and black hole spin (Tursunov et al. 2016) . If one assumes that the magnetic field is created by the dynamics of the surrounding conducting plasma which co-rotates with the black hole, then the sign of induced charge is more likely positive.
This analysis can also put a limit on the maximum induced charge of SMBH. If magnetic field is oriented along the rotation axis of a black hole, the black hole induces electric charge given by Q •ind = 2aM•Bext. Given an upper boundary for the spin parameter a• ≤ M• one can estimate the upper boundary for the induced charge as follows
where the external magnetic field is expressed in units of 10 Gauss, which is the estimated magnetic field strength associated with the flaring activity of Sgr A* (Eckart et al. 2012) . Independently from the precise configuration of magnetic field in the Galactic center, the order of magnitude of estimated induced charge is about 10 15±1 C, if the assumptions of the axial symmetry and stationarity is preserved. In the case of Sgr A*, there is a convincing evidence that the magnetic field in the Galactic center is indeed highly oriented and ordered (Morris 2015) , which supports our assumptions.
We would like to stress that the induced charge plays Figure 3 . Left: Effect of the rotation of the black hole on its maximum electric charge. Right: The dependence of the relativistic correction to both the maximum positive and negative charge of the supermassive black hole. In the relativistic regime, the electrostatic force increases towards the event horizon, which becomes apparent inside the innermost stable orbit.
a role of a driving force in the processes of energy extraction from rotating black holes. Two leading processes by which the rotational energy can be extracted out are the Blandford-Znajek mechanism (Blandford & Znajek 1977) and the magnetic version of Penrose process (Penrose 1969; Wagh et al. 1985) , both of which use the existence of negative energy states of particles with respect to observer at infinity. In both of these processes, the rotation of a black hole in magnetic field generates quadrupole electric field by twisting of magnetic field lines (Dadhich et al. 2018 ). An infall of oppositely charged particles (relative to the sign of induced charge) leads to the discharge of the induced field and therefore the extraction of rotational energy of a black hole. In Blandford-Znajek mechanisms the presence of induced field completes current circuit for in-falling oppositely charged negative energy flux. This field is responsible for acceleration of charged particles which can be launched as black hole jets. Similarly, e.g. in the case of a uniform magnetic field considered above, the discharge of induced electric field Q •ind = 2aM•B would lead to the decrease of black hole spin a and resulting extraction of rotational energy of a black hole, while B is constant by its definition. Multiple numerical simulations of two processes for general relativistic magnetohydrodynamic flow showing the efficient extraction of energy from rotating black holes imply that the induced electric field are not screened at least in the close vicinity of black holes. The problem of screening of induced electric field by surrounding plasma for Sgr A* is discussed in Section 4.2.
The value of Q max •ind is small in comparison with Qmax implying that its effect on the spacetime geometry can be neglected. The upper boundary for the charge-to-mass ratio for the Galactic centre SMBH (Kim et al. 2001 ) is
Relation (27) implies that the induced black hole charge is weak in a sense that its effect on the dynamics of neutral matter can be neglected and Kerr metric approximation can be used. However, induced charge can have considerable effect on the dynamics of charged matter and consequently on some of the observables of Sgr A*, which we specifically discuss in Section 4.
Charge fluctuation due to accretion
The electric charge of Q norot max is a theoretical upper limit. In reality, the accretion of positively charged particles (protons) will stop to proceed when the Coulomb force between the SMBH and the proton is of the same value and opposite orientation as the gravitational force, giving the condition for the maximum positive charge in a non-relativistic case,
which is much smaller than the maximum charge, Q + max /Qmax = 2 √ π 0Gmp/e ≈ 9 × 10 −19 . In a similar way, the maximum negative charge derived for accreting electrons is,
which leads to an even smaller ratio Q − max /Qmax = 2 √ π 0Gme/e ≈ 4.9×10 −22 . The ratios of maximum positive and negative charges to the maximum charge allowed for the SMBH imply that the space-time metric is not affected by an electric charge in a significant way.
Eqs. (28) and (29) are applicable only far from the black hole. In the relativistic regime, the motion of charged particles in the simplest regime without rotation can be studied within the Reissner-Nordström solution, which can be acquired from the Kerr-Newman metric by setting a• = 0 in Eq. (20). The line element in the geometrized units with c = 1 = G can be written as
where the lapse function is defined as
The four-vector potential Aα of electromagnetic field generated by the charge Q• of the Reissner-Nordström black hole takes the form
The dynamics of charged particle in curved spacetime in presence of electromagnetic fields is governed by the equation du
where u µ = dx µ /dτ is the four-velocity of the particle with mass m and charge q, normalized by the condition u µ uµ = −1, τ is the proper time of the particle, Fµν = Aν,µ − Aµ,ν is an antisymmetric tensor of the electromagnetic field and components of Γ µ αβ are the Christoffel symbols. One of the interesting features of the motion of charged particles in the vicinity of Reissner-Nordström black hole is the existence of trapped equilibrium state of a particle where the electrostatic forces between two charges compensate the gravitational attraction of a black hole. The four velocity of a particle at this state is u α = (1/ √ −gtt, 0, 0, 0). Thus, the time component of equation (33) takes the form
Since the gravitational effect of the charge Q• is small in comparison with those of the mass of the black hole (corresponding to rQ rS) one can neglect the higher order terms in Q• equation (34). Thus, for the charge Q we get
The charge (35) can be interpreted as the maximum net charge that can be accreted into the black hole from the given position r before the electrostatic force will prevail and the accretion of same-charge particles stops. Restoring the constant in (35) we get charge in SI units as
The factor 1 − r S r −1/2 is the general relativistic correction to the corresponding Newtonian equation. This implies that the electrostatic force increases while approaching black hole. Close to the horizon, the divergence of (36) means that the black hole requires infinite charge in order to keep the equilibrium position of the particle. We plot the ratio Q rel max /Q +/− max , i.e. the relativistic correction in Fig. 3 .
Charge and dynamical timescales
The electric charge of the SMBH is expected to fluctuate due to discharging by particles of an opposite charge. This is especially efficient when the free-fall timescale of particles with the opposite charge is significantly shorter than the free-fall timescale of the particles with the same charge as that of the black hole. The free-fall timescale for a charged black hole is modified due to the presence of an additional Coulomb term in the equation of the motion for a radial infall (neglecting the gas pressure),
where qpar and mpar are the charge and the mass of the particle, respectively. The signs in the equation are the following: for the positive charge of the black hole Q• = +Q + , the particle charge is qpar = +e for the proton (mpar = mp) and qpar = −e for the electron (mpar = me). For the negative charge of the black hole Q• = −Q − , the signs of particle charges are kept as before.
The Newtonian free-fall timescale derived from Eq. 37 for a particle falling in from the initial distance of r0 is (38) is the difference of free-fall timescales for protons and electrons for a given charge of the SMBH.
In Fig. 4 , we plot the free-fall timescales for protons and electrons for a positive charge of the SMBH (left panel) and for its negative charge (right panel). The timescales are comparable up to Q 
10
−2 Q − max , which further limits a charge of the SMBH since for larger charges the infall of opposite charges is progressively faster than the infall of the same charges. For the maximum positive charge of Sgr A*, the free-fall timescale for electrons is t ff,Q + max = 8.5 yr for an initial distance at the Bondi radius. This is a much shorter timescale than the free-fall timescale of protons for the maximum negative charge, which is close to the free-fall timescale for a non-charged black hole with an initial distance at the Bondi radius, t ff = 366 yr.
The free-fall time-scale from the Bondi radius is the basic dynamical timescale in the accretion flow. Any disturbance in the accretion flow develops on the viscous timescale given by Eq. (10), which for the assumption of the thick flow H ≈ r0 and α ≈ 0.1 is approximately tvis ≈ 10t ff (r0, Q•).
In the following, we define a specific charge of accreted matter , which relates the accretion rate of the charged matter to the total accretion rate asṀ charge acc = Ṁ acc. From this relation, the charging rate of the black hole,Q•, may be expressed as,
whereṀacc is the total accretion rate. The total accretion rate was inferred from the observations via the Faraday rotation by Marrone et al. (2007) , who obtainṀacc = 2 × 10 −9 M yr −1 up to 2 × 10 −7 M yr −1 , depending on the configuration of the magnetic field. For the induced positive charge Q + ind , the charging (induction) time-scale follows from Eq. (39), while for the induced negative charge we get,
To charge the black hole positively, mainly by the induction process described in Section 3.2, the charging timescale expressed by Eq. (40) needs to be smaller than the discharge timescale, which can be estimated by the viscous timescale of electrons on the scale of the gravitational radius. On the other hand, the charging timescale must be larger than the timescale given by the plasma frequency for protons, τp = 2π( 0me/(nee 2 )) 1/2 , which expresses the charged density fluctuations on scales larger than the Debye length. In an analogous way, the negative charged fraction of the accretion rate is
as inferred by comparing (41) to the viscous timescale of protons (upper timescale limit for discharging) and to the timescale of electron plasma oscillations (both evaluated at the ISCO scale of rISCO ≈ GM•/c 2 ). The charging of Sgr A* can thus effectively proceed when a rather small fraction of accreted matter ( pos or neg) is charged. The charging process of the accreted fluid may proceed at a larger distance from the SMBH horizon plausibly due to strong irradiation or the external (Galactic) magnetic field (Kovář et al. 2011) .
The process of the black hole charging can proceed efficiently when the gravitational and electrostatic forces acting on a particle are greater than the thermal pressure forces inside a region of radius R charge , which is equivalent to the condition that the viscous time-scale of the inward motion must be smaller than the thermal time-scale, tvis,Q < t th inside R charge . The thermal time-scale is simply, t th = R charge /v th , where the thermal speed v th is related to either electrons or protons. The condition of the smaller viscous time-scale is met inside the sphere of radius R charge , whose radius progressively gets smaller and it reaches zero at either the maximum positive or negative charge, see Eqs. (28) and (29). Under the assumption that the accretion flow is thick in a sense (H/r0) ≈ 1, it can be simply derived that,
with the sign convention as in Eq. (38). For the zero charge of the black hole, the relation (44) is similar to the definition of the Bondi radius, Eq. (3), R charge 8(α/π) 2 GM•/v 2 th . In Fig, 5 , we plot Eq. (44) for both positive charging (protons falling into the positively charged black hole; see left panel) and negative charging (electrons falling into negatively charged black hole; right panel). Inside the radius R charge basic condition for charging is met -particles with the same sign of the charge are not prevented from descending towards the black hole by thermal pressure. However, the particles of the opposite charge also fall in progressively faster inside the discharging sphere with the radius of R discharge defined analogously to Eq. (44), which effectively limits the realistic values of the electrostatic charge of the black hole.
The necessary condition for an increasing charge of the SMBH is that R charge R discharge , which is only met for the positive charging, see the left panel of Fig. 5 . For negative charging, the discharging length-scale of protons is always larger than the charging length-scale of electrons purely because of the mass difference. Therefore, the negative charging of black holes is rather inefficient.
Hence, the Galactic centre black hole and black holes in general are prone to have a small positive charge. This is also supported by the analysis in Section 3.2, where it is shown that black holes whose spin is oriented parallel to the magnetic field intensity preferentially accrete positively Figure 5 . The dependence of the radius of the sphere, where the basic condition for the charging or the discharging, t vis,Q < t th , is met for both the positive charging (left panel) and the negative charging (right panel). The solid lines mark the charging/discharging length-scale for the purely free-fall accretion while the dashed lines represent the viscous infall for α = 0.1. The charging can effectively proceed when the charging length-scale R charge is larger than the discharging length-scale. The shaded region marks the region below the event horizon.
charged particles, while those with anti-parallel spin are being negatively charged. Since we expect a certain degree of alignment in a relaxed system of a black hole and its associated accretion flow, the induced charge is expected to be positive.
For the positive charging in Fig. 5 (left panel), the charging length-scale for protons is larger than the discharging radius of electrons up to a certain charge Qeq, which for the general case of different electron and proton temperatures is,
For the case of the same temperature Te ≈ Tp, Eq. (45) becomes identical to the equilibrium charge in Eq. (19), Qeq = 3.1×10 8 M•/4 × 10 6 M C. This charge is associated with the charging/discharging length-scale of R charge = 0.2 for the free-fall accretion and R charge = 2.1 mas for the accretion with the viscosity parameter of α = 0.1, which is one and three orders of magnitude smaller than the Bondi radius, respectively.
OBSERVABLE EFFECTS ASSOCIATED WITH A CHARGED BLACK HOLE
Although the simple analysis based on the first principles showed that the charge associated with the Galactic centre black hole is at least ten orders of magnitude smaller than the charge corresponding to an extremal black hole, it is useful to list observational signatures that a charged black hole could have. The electric charge, if present, most likely does not reach values significant for the spacetime metric. However, despite its expected small value, it is useful to design observational tests of its presence. It is therefore of astrophysical interest to name several potential observables that can be employed to test the presence of the charged SMBH at the Galactic centre.
Effect on the black hole shadow
For shorter wavelengths in the radio domain than λp, plasma does not block the emission, however it causes significant scatter broadening of any structure up 1.4 mm (Lo et al. 1998) . At wavelengths λ < 1.4 mm, it is possible to resolve the structure using the VLBI, since the size of Sgr A* starts to be source-dominated (Krichbaum et al. 1998; Doeleman et al. 2008) . Of a particular interest is a well-defined curve on the sky plane which divides the region where photon geodesics intersect the even horizon from the region where photons can escape to the observer -the so-called black hole shadow . It was previously claimed by Zakharov (2014) that the charge associated with the Galactic centre black hole could be detected via the VLBI imaging of Sgr A*, based on the detection of the shadow. They report that a ReissnerNordström black with a significant charge close to Q• = Q norot max is more consistent with the VLBI detection of Sgr A* by Doeleman et al. (2008) with the core diameter of 37 +16 −10 µas. This argument is based on the theoretical calculations of the shadow diameter, namely the shadow diameter for the Schwarzschild black hole is 6 √ 3GM•/c 2 , which is ∼ 51.2 µas at the distance of 8 kpc at the Galactic centre. For an extremal Reissner-Nordström black hole, one gets the shadow diameter 4GM•/c 2 , i.e. by about 38% smaller than for the Schwarzschild black hole, which corresponds to ∼ 39.4 µas. The shadow diameter for the nearly extremal charged black hole is thus closer to the core size found by Doeleman et al. (2008) .
However, the core size found by Doeleman et al. (2008) does not correspond in a straightforward way to the black hole shadow size. It can be either a Doppler beamed accretion flow or the footpoint of the jet (Doeleman et al. 2008; Dexter et al. 2012; Eckart et al. 2017 ) and in these cases it is difficult to make a connection to the charge of the black hole. In general, the black hole shadow is not a clean observable. Not only does the charge influence its size, but also the spin, see Fig. 6 for comparison. In addition, the charge starts significantly influencing the size of the shadow for fractions of the maximum charge, Q• 0.1 Q norot max . For the maximum Below we show that the bremsstrahlung surface brightness profile on the scales of 100 rS up to 1000 rS can be used to test the presence of a much smaller charge associated with Sgr A* than by using the shadow size.
Testing the presence of a Black Hole Debye
shield -does a charged black hole have an impact on the bremsstrahlung profile?
The charge associated with Sgr A* can have a considerable impact on the motion and the distribution of charged particles, electrons, protons, and ions, in its vicinity. However, this only applies to the charged black hole that is not shielded. In the classical plasma theory, any charged body immersed in stationary plasma with the electron density ne and temperature Te is shielded beyond the characteristic Debye length-scale, λD = 0kBTe/(nee 2 ), which results in the exponential potential decrease, φ = φ0 exp (−r/λD), where φ0 is the potential of a point charge in vacuum.
The plasma around Sgr A* is, however, certainly not stationary but rather dynamic, given the large velocity of accretion flow in the potential of Sgr A* and turbulence. Therefore, the standard Debye theory is not applicable to this environment.
Even if the Debye shield around Sgr A* were created, it would have such a small length-scale that it would completely lie inside the ISCO, where it would be dynamically sheared and it would be therefore highly unstable. When evaluated on the scale of the ISCO, using the extrapolated density and temperature profiles in Eqs. 8, the Debye length is,
while at the Bondi radius it would be only one order of magnitude larger, λ Bondi ≈ 141 m.
Moreover, using the classical estimates, the Debye sphere would not be formed based purely on viscous timescales if the charged fraction of accreted matter is large enough. If we imagine that the positively charged black hole is surrounded by a negatively charged Debye shell, its mass can be estimated simple as M Debye ≈ (Q + ind /e)me, where Q + ind is the induced positive black hole charge. Since the Debye shell lies inside the ISCO, it is being depleted as well as refilled all the time. If the depletion rate of electronsṀ − acc = negṀacc is larger than the filling rateṀ Debye , then the Debye shell is highly transient and does not screen out the charge of the black hole. The filling rate of the Debye shell is assumed to take place on the viscous timescale of electrons, taking into account the positive charge of the black hole, t
. Then the Debye filling rate can be expressed as,
The Debye shell will not form ifṀ − acc >Ṁ Debye , which puts the lower limit on the negatively charged fraction of the accreted matter, neg > Q + ind me/(eṀacct − vis ) ≈ 7 × 10 −17 . It implies that if the accreted matter contains a negatively charged fraction of the order of neg, then the Debye shell is expected not to form at all. Even if the Debye shell forms temporarily, it would be strongly perturbed by the turbulence and outflows. In addition, a more general analysis done by Bally & Harrison (1978) showed that all self-gravitating systems with length-scales L larger than the Debye-length, L λD, are positively charged in order to hold in the electron gas, i.e. these objects are not Debye-screened.
An unshielded charged black hole would lead to the charge separation that directly influences the emissivity of the thermal bremsstrahlung, since the emission efficiency drops significantly for like particles, proton-proton and electron-electron interactions, since there is no dipole component in the collisions. The bremsstrahlung is dominantly produced by radiating electrons that move in the Coulomb field of protons (or positively charged ions) and the corresponding emissivity is given by Eq. (14), Brems ∝ Z 2 nine. Therefore, inside the sphere of the electrostatic influence of the black hole, the drop in bremsstrahlung emissivity is expected, creating a drop or "hole" in the surface density of the thermal bremsstrahlung, which is centred at Sgr A*.
Let us assume that Sgr A* is positively charged with the charge of Q•. The electrostatic potential further from the unscreened charged black hole is φ ≈ Q•/(4π 0r). Under the assumption of the equilibrium Maxwell-Boltzmann distribution, it would yield to the charge separation and the corresponding charge particle density would vary as nq ∝ exp (−qφ/kBTp) on top of the power-law (Bondi) dependency nq ∝ r −3/2 . In Fig. 7 (left panel), several number density profiles are plotted for electrons (solid lines) and protons (dashed lines) for increasing positive charge of the black hole, Q• = 10 7 − 10 9 C, including the zero charge. To simulate the effect of an unscreened supermassive black hole with the positive charge of Q•, we use the Abel integral to obtain the projected luminosity profile J(Rproj) from the deprojected one L brems (r), see Eq. (14),
where the truncation radius Rt represents the length-scale where the thermal bremsstrahlung in the Galactic centre becomes negligible. We set the truncation radius to the Bondi radius (or approximately the stagnation radius), Rt ≈ RB ≈ Rstag, see also Eqs. (3) and (7). The projected luminosity profile calculated using Eq. (48) is plotted in Fig. 7 (right panel) . The solid line represents the case of the non-charged black hole, or a completely Debye-shielded black hole, and the dashed lines depict the cases of the supermassive black hole with the positive charge of Q• = 10 7 − 10 9 C, which have progressively smaller luminosity profile than the non-charged case. A special case is the equilibrium charge Qeq, see Eq. 19, up to which the electron and proton number densities are comparable within a factor of a few, ne ≈ np, see also Fig. 7 (left panel) for Q• = 10 7 − 10 8 C. For larger black hole charges, the drop in the bremsstrahlung profile is more prominent, specifically reaching ∼ 37% of the luminosity for non-charged case at the projected radius of R ∼ 1 arcsec for Q• = +10 9 C. In general, the difference in the electron and proton number densities by factor fn, ne = fnnp, corresponds to the black-hole charge of,
where Te,0 is the electron (∼ proton) temperature at radius r0. Relation (49) holds under the assumption of the equilibrium Maxwell-Boltzmann distribution of electrons and protons. The calculated surface brightness in Fig. 7 corresponds to the quiescent state of Sgr A*, i.e. this profile is expected if one can remove the nonthermal variable source at the very centre. In order to satisfactorily do that, the angular resolution of X-ray instruments should be better than ∼ 0.1 arcsec. The effect of the bremsstrahlung flattening or drop is just at (or rather beyond) the limit of what can be measured right now. Therefore this experiment and the analysis speaks for next generation X-ray telescopes that have a half and the full order of magnitude better resolving powers compared to the current situation. Różańska et al. (2015) construct a projected bremsstrahlung profile in their Fig. 6 . At the 1σ level, the profile shows a decrease in the brightness at radii 0.4 . This is, however, still consistent within uncertainties with the flat and the slightly rising profile at the 3σ level. Flat to slightly decreasing luminosity profile allows us to put the upper limit on the black hole charge if we assume that the charge is not screened. The projected profile inferred from Chandra observations by Różańska et al. (2015) is consistent within the uncertainty with all profiles up to the equilibrium value of Q Qeq ≈ 3.1 × 10 8 C, see Fig. 7 (right panel). For larger charge values, the projected profile is expected to decrease below R = 2 , see the green dashed curve in Fig. 7 , which corresponds to Q• = 10 9 C. The equilibrium value of the black hole charge Qeq ≈ 3.1 × 10 8 C, which was derived based on the classical mass segregation arguments, see Eq. (19), corresponds to the charging/discharging length-scale of R charge ≈ 0.21 according to Eq. (44), assuming the free-fall flow. This scale is comparable to the projected radius, where the observed bremsstralung profile is consistent with the flat to decreasing flux density (Różańska et al. 2015) .
Within uncertainties, this is consistent with the constraints given by induction mechanism presented in Subsections 3.2, which gives an upper limit of the order of 10 15 C. In the future, if the angular resolution of X-ray instruments is one half to one order of magnitude better, one can distinguish the unresolved central component from the surroundings and it will be possible to model it away without assuming intrinsic physics. One could, in particular, take multiple images of the flares and model a variable point source and an extended quiescent component. Hence, this procedure should yield a well-constrained background with a more precise brightness profile, based on which the decrease could be confirmed or excluded.
In case the drop in the bremsstrahlung profile is confirmed on sub-arcsecond scales from Sgr A*, one should naturally consider also other possibilities for the decrease, in particular the lower temperature due to plasma cooling and/or the decrease in the ambient gas density. However, the presence of small electric charge associated with Sgr A* remains as an interesting possibility for both explaining the bremsstrahlung flattening as well as for testing the presence of the Debye-shell effect around supermassive black holes immersed in plasma.
Effect of charge on ISCO of Sgr A*
One of the important characteristics of black holes in accretion theory playing crucial role in observational constraints of black hole parameters is the location of the innermost stable circular orbit (ISCO). For a non-rotating neutral black hole, the ISCO is located at r = 3rS. Rotation of black hole shifts the position of ISCO of co-rotating particles towards the horizon matching with it in the extremely rotating case a• = J•/M• = 1. The presence of the black hole charge acts in a similar way to the ISCO, shifting it towards the horizon for both neutral and charged particles (Pugliese et al. 2011 ). Motion of charged particle with mass mpar and charge qpar Figure 7 . Left: Density profiles of electrons and protons in the Galactic centre as affected by a potential charged supermassive black hole. The black solid line represents the non-charged power-law. The coloured lines (blue, orange, green) manifest the changed profiles due to the presence of a positive point charge at the centre: the blue solid and dashed lines represent the case for Q• = 10 7 C, the orange lines stand for Q• = 10 8 C, and blue lines represent Q• = 10 9 C. Right: The bremsstrahlung surface brightness profile for the case of a non-charged black hole (solid black line) and for the case of a charged black hole in the Galactic centre with the charge of 10 7 C, 10 8 C, and 10 9 C, represented by dashed blue, orange, and green lines, respectively. The drops in the brightness profile with respect to the non-charged case are depicted by a sub-plot that shows the ratio of the brightness profile for the charged case with respect to the non-charged case.
moving around non-rotating black hole with charge Q• is restricted by the energy boundary function or the effective potential
where Epar and Lpar are the energy and angular momentum of charged particle and r is the radius given in the units of gravitational radius rS. At infinity or in the absence of the fields Epar/(mparc 2 ) = 1. For neutral particles at ISCO of neutral black hole Epar/(mparc 2 ) = 8/9. The constants k1 and k2 are the coupling constants responsible for the interaction between charges and the gravity. For an electron around Sgr A*, the constants can be estimated as
Smallness of the constant k2 representing the gravitational effect of the black hole charge imply that the effect of the black hole charge on the spacetime curvature can be neglected in most of the physically relevant cases. Indeed, the possible charge of SMBH at the Galactic centre restricted by the upper limits (see Section 3) is not able to provide sufficient curvature of the background black hole geometry, and thus, does not influence the motion of neutral particles. However, for the motion of charged particles the effect of even small black hole charge can sufficiently shift the location of orbits, due to large values of the charge to mass ratio for elementary particles. The location of the ISCO of charged particles around Sgr A* as a function of the black hole charge Q• is plotted in Fig. 8 . As one can see from the plot, the position of the ISCO for electrons shifts from r = 3rS (corresponding to the ISCO of neutral particles) towards or outwards from black hole starting already from relatively small charges of the order of 10 3 -10 5 C. Thus, even a small black hole charge which does not affect the background geometry can sufficiently shift the ISCO of free electrons and protons orbiting around Sgr A*. In case of like-charges (e − , Q• < 0 or p + , Q• > 0) the ISCO can be shifted from the distance r = 3rS up to r = 1.83 rS, which can mimic the black hole spin with the value of a• = 0.64. This should be taken into account in the spin determination of Sgr A*, since previous estimates are close to this value, in general above ∼ 0.4 (Kato et al. 2010; Zamaninasab et al. 2010; Meyer et al. 2006) .
Particles at the ISCO can have ultrarelativistic velocities, which leads to the emision of electromagnetic radiation from the inner parts of the accretion flow. The shift of the ISCO towards the event horizon increases the gamma-factor of charges and the gravitational redshift z = (λ0 − λ)/λ0 of emitted photons, where λ and λ0 are the wavelengths of a photon measured by local and detached observers. The shift of the ISCO radius from r = 3rS (neutral) to r = 1.83 rS (charged) increases the gravitational redshift of emitted electromagnetic radiation from z = 0.225 to z = 0.485.
SUMMARY AND DISCUSSION
In this section, we summarize the constraints on the electric charge of the Galactic centre black hole. Subsequently, we look at the potential effects of the rotation on the maximum electric charge. In addition, we discuss potential non-electric origins of the black hole charge. 
Charge values associated with the Galactic centre black hole
In Section 3, we studied limits on the electric charge of Sgr A* based on different mechanisms, namely the accretion of charged constituents of plasma and the induction mechanism based on a rotating SMBH in the external magnetic field. We summarize these constraints in Table 1 . The charging based on accretion of protons or electrons is not stable and leads to the discharging on the discharging time-scale. However, the rotation of the SMBH within the external magnetic field is a plausible process that can result in a stable charge of the SMBH not only in the Galactic centre but in galactic nuclei in general.
All the upper limits on the electric charge in Table 1 are at least ten orders of magnitude below the maximum charge (see Eq. 23) and hence the space-time metric is not affected. However, the dynamics of charged particles is significantly affected by even these small values and can be observationally tested via the change in the bremsstrahlung brightness profile.
Effect of rotation
As was already indicated by Eq. (22), the rotation of the SMBH does effect the value of the maximum allowed charge for a black hole. For the maximum rotation,ã• = 1, the maximum charge vanishes completely. However, the dependence of Q rot max on a• is only prominent for large spins, see also the left panel of Fig. 3 . In astrophysical relevant systems, the maximum rotation parameter is a max • = 0.998 (Thorne 1974) , which results in Q rot max ≈ 0.06 Q norot max = 4.3 × 10 25 C. This is still about ten orders of magnitude larger than the constraints analysed in Section 3. For Sgr A*, the spin is estimated to be even smaller, a• ∼ 0.5 Zamaninasab et al. 2010) . Therefore, the previous analysis is valid also for the case when Sgr A* has a significant spin.
Non-electric origin of the black hole charge
The black-hole charge can also be of a non-electric origin (Zakharov 2014), namely a tidal charge induced by an extra dimension in the Randall-Sundrum (RS) braneworld solutions or 5D warped geometry theory (Randall & Sundrum 1999; Bin-Nun 2010 , in which the observable Universe is a (3 + 1)-brane (domain wall) that includes the standard matter fields and the gravity field propagates further to higher dimensions. The RS solution yields the 4D Einstein gravity in the low energy regime. However, in the high energy regime deviations from the Einstein solution appear, in particular in the early universe and the vicinity of compact objects (Stuchlík & Kotrlová 2009 ). Both the high-energy (local) and the bulk stress (non-local) affects the matching problem on the brane in comparison with Einstein solutions. In particular, the matching does not result in the exterior Schwarzschild metric for spherical bodies in general (Kotrlová et al. 2008) .
A class of the RS brane black-hole solutions is obtained by solving the effective gravitational field equations given the spherically symmetric metric on the (3 + 1)-brane (see Maartens 2004 , for a review). These black holes are characterized by Reissner-Nordström-like static metric which has the non-electric charge b instead of the standard Q 2 . This charge characterizes the stresses induced by the Weyl curvature tensor of the bulk space, i.e. 5D graviton stresses that effectively act like tides. Thus, the parameter b is often referred to as the tidal charge and can be both negative and positive. Detailed studies of the optical phenomena associated with brany black holes, in particular quasiperiodic oscillations (QPOs) that are of an astrophysical relevance, were performed in several studies (Schee & Stuchlík 2009; Stuchlík & Kotrlová 2009) .
As pointed by Zakharov (2014), the tidal charge could be tested by detecting the black hole shadow. While the electric charge causes the shadow to shrink, which is only noticeable for nearly extremal charges (see Subsection 4.1), the tidal charge could act in the opposite sense -enlarging the shadow size. Thus, if a noticeable change in the shadow size is detected, it would most likely be caused by non-electric tidal charge since the electric charge is expected to have negligible effects on the metric as we showed in Section 3 and summarized in Subsection 5.1.
Comparison with previous studies
Zakharov (2014) uses an argument that the measured core size of Sgr A* of ∼ 40 µas (Doeleman et al. 2008; Fish et al. 2011 ) is more consistent with the Reissner-Nordström black hole with the charge close to the extremal value of Q norot max than with the Schwarzschild black hole whose shadow is expected to be ∼ 53 µas. However, one needs to stress that the core size does not directly express the shadow size at all since it does not have to be centered at the black holeit can, for instance, be caused by a Doppler-boosted accretion flow or the jet-launching site (Dexter et al. 2012; Eckart et al. 2017) . Hence, the charge constraint given by Zakharov (2014) is uncertain at this point and should be further tested when the analysis of the observations by the Event Horizon Telescope 2 is available. Iorio (2012) gives the following estimate on the charge of Sgr A* based on the geodesic trajectories of the orbital motion (Chaliasos 2001) , in particular using S2 star orbit, Q• 3.6 × 10 27 C, leaving space for the charge larger than an extremal value.
In comparison with Iorio (2012) and Zakharov (2014), we take into account the presence of plasma and the magnetic field in the vicinity of Sgr A*, which leads to tighter constraints and significantly smaller values, see Table 1 . Moreover, our suggested test based on the bremsstrahlung brightness profile, see Subsec. 4.2, is significantly more sensitive to smaller charge than the shadow size or stellar trajectories.
CONCLUSIONS
We performed analytical calculations to find out if the supermassive black hole at the Galactic centre can get charged and what the realistic values of its charge are. Based on the classical estimates and total amount of the charge in the sphere of influence of the black hole, we expect that the black hole can acquire a small, transient positive charge of 10 9 C, which does not have an influence on the spacetime metric. Based on the general relativistic calculations, we further explore the induced charge based on the rotating black hole that is immersed in the external magnetic field. Such a configuration is in general expected in almost all galactic nuclei. If the black hole spin axis is approximately aligned with the external magnetic field, we again expect that the induced charge is positive, with the uppermost limit of Q• 10 15 C. Although the spacetime metric is not influenced significantly by electric charge within the limits we found, even such a small charge can significantly influence the typical viscous timescales for protons and electrons as well as an infall of small charged particles (dust particles). Most importantly, for like charges of test particles and Sgr A*, the ISCO shifts significantly in comparison with the no-charge case even for a small charge of the order of 10 6 -10 10 C, which effectively mimics the black hole spin of a• ∼ 0.6. This effect should be taken into account in the future numerical calculations as well as the analysis of observation data.
We also revisited observational tests of the presence of the charge for the Galactic centre black hole. The black shadow size, which was proposed previously, is only sensitive for large values of the charge, close to an extremal value, which are unrealistic as we showed. We propose a new test based on the observed surface brightness profile of the thermal bremsstrahlung inside the innermost 10 5 Schwarzschild radii, which is the region that coincides with the S cluster. Within this range, a flattening and a decrease in the bremsstrahlung surface brightness is expected to occur due to the presence of the charged, unshielded black hole starting with about twenty orders of magnitude smaller values than the extremal case. Since the Chandra X-ray observations with the angular resolution of 0.5 did detect a weak indication of the drop in the brightness profile at Rproj 0.4 , it puts an observational upper limit on the charge QSgrA * 3 × 10 8 C.
